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Abstract

This report considers an array of simultanceous under-
water nuclear explosions generating plane tidal waves on
the continental shelf. Computer simulations are used to
study this wave generation process. They are based on non-
linear shallow water theory with an initial condition of a
stationary raised cone of water. The scnsitivity of the
wave height to different yields, combination of diffcrent
yields, spacing, alignment, timing, and bottom slope 1is
determined. The reference values used for this study are a
yield of five kilotons TNT, one kilomecter spacing, water
depth of 100 meters, and no bottom slope. In addition to
the sensitivities, the amount of non-linecar effect is illus-
trated by comparison of wave contour printer-plots generated
by linear and non-linear shallow water theory. The computer
results indicate the wave gencration is rclatively insensitive

to realistic variations in the parameters.
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PLANE TIDAL WAVES GENLERATED BY
AN ARRAY OF

STMULTANEOUS UNDERWATER EXPLOSTONS

1. Introduction

Background

This thesis originated from the AFI1T GNLE-80M class
design project which analyzed a shallow underwater mobile
(SUM) basing alternative to the land based MX intercontinental
ballistic missile weanon system (Ref 1). The SUM system would
be deployed over the continental shelfl of the United States.
This large area of deployment with the location of the SUMs
unknown would require a large number of warheads to defeat the
weapon system. Illowever, an casy defeat of the SUM based weapon
system has been proposed which uses a plane tidal wave generated
by an array of simultaneous underwater explosions. The tidal
wave would travel across the continental shelf, disabling the
SUMs. Computer simulations based on shallow water theory verify
the formation of a plane tidal wave. The wave energy resulting
from the underwater cxplosion was approximated with an initial
condition of a stationary raised cone of water. Further study

of this plane tidal wave generation is the topic of this thesis,

Problem and Scope

The primary purpose of this study is to determine the

sensitivity of the plane tidal wave generation to the explosions!'

™




vield, vield cowbinations, spacing between explosions, align-
ment of explosions, timing of cxplosions, and slope of the
continental shelf, The relerence values used are tfive kilotons
TNT for yield, one kilometer spacing between explosions, and

a water depth of 100 meters.  The yield is varied from 2 to 8
kilotons. The combination of two yiclds is varied as a ratio
of one yield to the other yiecld from .25 to 1 with an average
yield of 5 kilotons. The spacing is varied +40% from the
reference value of onc kilometer. The misalignment is varied
from 0.0 to 0.5 Kilometer and the timing is varied from 0.0 to
5 seconds. The bottom slope is varied from 0.0 to 0.002.

In addition to the sensitivities, the amount that the non-
linear effects contribute to the generation of the plane tidal

wave 1is illustrated.

Assumptions

There are two main assumptions. The first is that an
explosion on the ocean floor which produces a large enough gas
bubble for blowout will generate shallow water waves. The
second assumption is part of shallow water theory. [t assumes
the water's vertical acceleration doesn't affect pressure and
the water's vertical velocityv doesn't affect the conservation

of momentum equation,

Approach and Sequence

The general approach starts by analyvzing the problem

physically to determine the type of wave generated, realistic




parameter reference values, and modeling of initial condition.
Next, the differencing scheme 1s developed by derivine the
shallow water cquations and ditferencing the cquations. The
scheme is used to simulate the wave generation., The wave
heights are evaluated to determine scnsitivity to several of
the parameters. Finally, the non-linecar effects are illus-

trated.
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LI, Analvsis of Problen

The analysis of this problem focuses on three arecas.
First is the rationale and basis for using shallow water
theory. Next is the determination of the reference values
for the independent variables and their range of variation.
The last arca is the initial condition and its relationship

to the explosions' yield.

Ration~-le for Shallow Water Theory

The rationale for usine shallow water theory is primarily
based on the tvype of cavity formed. Shuallow water theory can
be used if the total depth of the water moves horizontally
together. The explosions used for this problem generate a
gas bubble with a radius greater than the depth of water.

Since the expanding bubble wili horizontally excite the total
depth of the water, shallow water waves are expected. On this
basis, shallow water theory is used.

Rescarch at los Alamos Scicentific Laboratory (LASL) found
that shallow water thecory was not applicable for a near surface
explosion (Ref 0). However, the difference in burst location
can account lor this. The near surface burst used by LASL
formed a hemispherical surface cavity with a radius equal to
1/6 the depth of the water. The surface cavity would not hori-
zontally e¢xcite the total depth of the water at the same time.
Thercfore, shallow water waves are not cxpected, which is

consistent with shallow water theory not accurately duplicating

the expermmental data.




Paramecters Reference Values

The reference values of the independent parameters and i
range of variation were sclected based on many factors. The

water depth and bottom slope arc bhased on the average depth

and slope of the continental shelf. The yield was seclected
based on wave generation efficiency and the minimum yield

to ensure blowout. The spacing was limited by the accuracy
of the bomb placement. The alignment and timing arce assumed

perfect for the refercence value,

Depth und Slope. The reference water depth is about the

average of the continental shelf's depth (0 - 600 ft). The

H water depth reference value 1s 100 meters with no variation
except when bottom slope is used. The average bottom slope
of the continental shelf is .0002 to .0004 based on a width
of 300 to 600 miles. 'The reference value for bottom slope 1s

zero with a variation of 0.0 to .002.

Timing and Alignment. The reference value for timing is

zero seconds with a range of variation of 0 to 5 scconds,
The reference value for alignment is also zero with a range i

of variation of 0 to 500 meters. Misalignment distance is i

the perpendicular distance from the array centerline to the f

misaligned explosion.

Spacing. The spacing refercnce value 1s limited at the

lower end by the accuracy of the warhead placement. According

to Scientific American, the 1985 estimated circular error




probable (CEP) Cor Mussian missiles i1s 022 kilometer (Ref 2:54),
The retference spacing was limited to a distance of 4*CEP,
Based on this, the reference value of one kilometer is used

with a variation of .0 to 1.4 kilometer.

Yiceld., The reference yicld (Y) is based on the efficicency
of wave formation and the miniwum yicld reguired for a blowout
case. The efficiency as a function of yield is indicated by
the wave height.  The wave height  (h)  is proportional to Yl/o
(Ref 5:133). Therefore, the lowest possible yield will be used
to obhtain the highest efficicency.

The minimum yield required to produce a maximum hemisper-
ical bubble with a radius equal to the water depth of 100 meters
is 1.7 kilotons. This is based on the following approximations
and calculations. ‘the energy required to form the hemispherical
bubble is approximated by the encrgy required to torm an equal
volume spherical bubble with coinciding centroids. Approximately
half of the explosion's cnergy is absorbed by the occan f{loor
(Ref 5:126). Using these approximations and g (1} for the maxi-
mum bubble radius (Ref 5:113), the minimm yield is determincd
as follows. L. is the max bubble radius, Y is the yield, D
is the depth of burst, R is the radius of the spherical

bubble, and R is the radius of the hemispherical bubble.

h
_ 1/3
LOft) = 13.5 G‘»T?%’ll})“ﬁ) (1)
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L.{m) 349 QT(ﬁTﬁ¥'ll\) (2)
Y - v L.{m) 3 .
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1 3\1/3
RS = (7 Rh = 79.4 nmeters

To obtain the wminimum yield, usc kEq (3) with L = R,
D equal to the depth of the hemisphere's centroid, and

1
Y = 5 Y to account for the energy absorbed by the bottom.

3
79.4
(62.5 + 10) (—3—4—5—>

1.7 ktons

—ZI—Y(kt)

-
[}

Therefore, the yield should be equal to or greater than the

minimum yicld of 1.7 Kilotons. A rcference yield of 5 kilotons

was selected since it is small and vet more than twice the

minimum yield to ensurec shallow water waves.

Initial Condition

The initial condition used to represent the wave energy
imparted by the cxplosion is very simplistic, [t consists of

a raised stationary cone of water. The cone surface has a

-
B
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constant slope of 0.2 with its volume Jdependent on the
vield,

The relationship between the yiceld and the potential
energy of the cone is based on the scaling luws for the
blowout case (Ref 5:132-133). In the blowout case, the

Y1/6

wave height is scaled by Since the potential energy

of the wave is proportional to the wave height squared, it

YI/S

is scaled by Therefore, the potential cnergy (PE)

of the cone is equal to some constant times Yl/3

b 1/3

] = nst#*
cone Const*Y

(4)
The constant is obtained by analyzing the potential

energy of the cavity. Starting with the minimum yiecld of

1.7 kilotons, the maximum bubble radius (L) 1is 100 meters.

Assumc the water displaced by the bubble is now located at

the surface. The amount of increasc in potential energy is

determined as follows: where o is water density (1000 kg/mS)

and g is the acceleration of gravity (9.8 m/sz).

APE = (62.5)(% % n L3 pg = 1.28*10'°

Joules (S
As the bubble collapses, much of the potential energy is

lost in turbulence. One half of the wave energy is assumed

to be lost in turbulence. Bascd on this assumption, the constant

is determined as follows:




1 i 1o
. ZAPrE 2(1.28%10° ") 11
tonst = Sy = St o0 = 5.4%10 (6)
Yl7o 1.7 3
. 11 ,1/3
N = * .
PLconc(J) 5.4%10 Y (kt) (7)

The size of the cone is determined by the amount of wave
energy imparted by the explosion. The potential energy of
the cone of water is set equal to the energy obtained from
Eq (7). Solving for the height (h) of the cone's peak

determines the cone's size with a constant slope (s) of 0.2,

PF: = 1o h4(m) (8)
‘conc 5P 15—77
s
1/4
11,,1/3 2
% .
R NI L3 Uk R P ()
" gp
h(m) = 54 Y12k (10)
:‘
}
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I1I.  Computer Program Development

The computer program development includes the derivations
and differencing of the equations and trecatment of the boundary
conditions. Both thc non-lincar and lincar equations will be
derived and differenced. In addition, a check of the differ-

encing scheme is accomplished.

Derivation of Equations

The shallow water wave cquations are derived from the
conservation of mass and conservation of momentum equations
using the 3-dimensional rectangular coordinate system. The
viscosity and compressibility of the water are ignored. The
coordinate system is as shown in Figure 1 with the f{rece-standing
water surface at z = 0 . The actual water surface position
is described by H(x,y,t) and the bottom is described by
b(x,y) . The averaged velocity components u , v , and w
are in the x , y , and z directions, respectively, with S
representing the velocity vector (u,v,w) .

The derivation starts with the conservation of mass cquation

(Ref 4:2,24) and its integration with respect to z .

%—‘t’- + pve§ = 0 (11)
qu IV aw )
5x * 3y ' o3z 0 (12)
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c

[ a=dz + [ = dz o+ = 0 (13)
b 3x b 3y b !
The boundary conditions arc used to dctermine w for
z=H and z = b . The values of w at these points are
used to cxpand the integral of the conservation of mass
Eq (13).
_ Al all a1l
W2=H = 'a—t + u —B‘T(‘ + \Y 8_)7 (14)
_ 9b db
Woep T Uy Y Vogy (15)
H H
au ov a1l all
[ = dz + v dz o+ ==+ U a—
b 39X b ay 9t 9 X
!
I b b _ . ‘
+ \Y% 57 u S—’Z \Y '37 = 0 (1()) 0.
3
S J’” uo, f” . , B01-D)
o 9x A Jy 3X
d(ll-b) _
! v 3y - 0 (17)

Now the first approximation must be made for the shallow
water theory. The vertical acceleration of the water is
assumed not to affect the pressure (P) (Ref 8:23-24). This
results in hydrostatic pressurce, P = gp(Hl-2) where

b € 2z <H . Hydrostatic pressure provides a horizontal
y ]

12




pressurc gradient which is independent of z . Therefore,
the horizontal acceleratiogs and velocities arve independent

of 2z . With this approximation, the integration of the

r

conservation of mass cquation (17) is completed,

ol Ju IV
é—t— + (“‘b) g‘)—(* + (“'l\)’ 5—);
eou 2GRy 2ERL Ly (18)
aH 3 3
st oy lu(ii-by] o+ 5y [v(ll-b)] = 0 (19)

The conservation of momentum equation (Ref 4:3,24) is
used to derive the velocity cquations. The previous approxi-
mation is expanded to accomplish this. The vertical velocity
w 1is assumed to have a megligible effect on the conservation

of momentum. Thercfore, the velocity vector S becomes (u,v)

au = Ip (20)
— . phi = )
P 5% + p Veu § + > 0
: 11
u Ju auv o 0 - >
st ¢ oax 7 Yy Y8 oag 0 (21)

The cquation for v is obtained similarly.




Fquations (19), (21) and (22) arc the non-linear
shallow water ecquations. ‘The lincar shallow water equations
are obtained by assuming u , v , Il , and their derivatives
are small enough so their squares and products can be neg-
lected (Ref 8:24). This results in linear equations, where

-b is simply the depth of the water.

ol d ) 5 . )
W + H [ll( h)l + 5-)—, IV( l))' 0 (23)
Ju A

5t &5x T 0 (24)
9V oIt _ -
5t + @ 3—); 0 (25)

If the water depth is assumed constant, the variables
u and v can be eliminated as follows to obtain the linear

wave LEq (30) (Ref 8:25).

oH ou GV
B——f - b 5;(“ - b 3"}‘, = 0 (26)
JZH §2 ‘2
3 u ) ATV 7
372 b st b 5yt 0 (27)
3 521
« u . )
X5t T ¢ 2 (28)
Jx
2 2
v ol
Y = ap (29)




T L (30)

This shows that the characteristic wave velocity is vg(-b) .

Ditference Scheme

The second order explicit difference scheme is three
levels in time and space, conservative, and has an amplifi-
cation factor of unity. Correct space and time centering
provide an amplification flactor of unity if{ the Courant-
Friedrich-Lewy criterion is satisfied (Ref 7:288). This
criterion is [u%%[ VAt < Using the charac-
teristic velocity equally distributed between u and v
the criterion value is 0.44 for At = .5 sec and AXx = Ay
= 50 meters . The difference equations are based on the

integral conservation of mass lg (19) and the conservation

of momentum Lgs (21) and (22

g—lt—' = -2 eaeny - hgy‘ [v(l-b)] (31)
au” - a1l

TR Y 52
Sy ol

N Y o

Kinematic viscosity can be added to the last two
cquations to account for viscosity or to help prevent

instability. The Kincmatic viscosity is incorporated by

15
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adding to the right side of Pgs (52) and (33) a Kinematic
viscosity cocllicient, multiplicd by the Laplacian of u
and v , respectivelv., A slight dittusion coupling might
also be added to keep the independent conscervative {lows
in step. This i1s done by adding the product of a coupling
cocfficient and the Laplacian of H to the right side of
Eq (31).
The difference equations use the indices 1, j ,

and n  for the variables x , y , and t , respectively.
The cquations arce second order in time and space with no

kinematic viscosity or diffusion coupling as shown below.

1+ 1-1 I O I o n _n
”li,j it i,] ax |Yis1, g (liﬂ,j "m,j)

N n R 1 rt | n (11 n
Uio,j Qli-l,_i bi-l,.i> wy |Vi,ia e “i,_m)

5
UL A oAt gn 2 o -
1,) i,) Ax 17+l ] i-1,]
/1 n At n n n n
LW ”i—l,_)> Av 1L Vigjer T Ui Vi gel
(35)
1o

o

e




H )
n+l n-1 st 1 - i -
L S A L S
i,) 1,] Y 1,1+1 1,1-1
n 1
+ .. .
I3 (“,]+l l“’J_O
S v - v (30)
ax Ve, Viel, i-1,5 Vi-l,j (:
The linear difterence equation is based on the lincar
wave lq (30). Tt is second order with space and time
centering.
2 2 2
G N AL (37)
gt~ 3Xx 3y~
L S L T
1’.] l).] l’.]
Atz n 5 N n W
- b 2 ll+l o= 2 ”] .ot ”1_1 :
AX” s ] »J s J
T !
; AL” n o, T -
gh ¥ ”i,_i*l 2 “i,j “i,_i-l (58)
1% L

The difference scheme used a standard rectangular mesh
with all the point values calculated for each time step.
Symmetry was used as much as possible with the aid of

reflecting boundarices.

o 2o




boundary Conditions

Reflecting boundary conditions are uscd in the progran
to take advantage of symmcetry (Rel 7:288-291). With
reflecting boundarices, the boundary conditions arce set up
to cnsure no mass flow across the boundary.

First, the velocity components perpendiculur to the
boundary are sct to zero at the boundary and both velocity
components are zero at the corners.  The perpendicular
velocity components just outside the boundarvy are set cqual
to the negative of the perpendicular components just inxide
the boundary. The parallel velocity components just outside
the boundary arc sct equal to the parallel velocity components
just inside the boundary. The surlace height just outside
the boundary is set cqual to the surface height just inside
the boundary. The corners arve treated similarly with the
corncr point being the center ol svmmetry (¢.g., if corner
point 1s (2,2) , the V(1,2) = -\V(3,2) , U1,y =0,

and  U(l,1) = - U(3,3) 1.

Verilicution

The program based on these difference equations and
boundary conditions was verified by duplicating the results
obtained by Mader using his SWAN code (Ref 6). The problem
solved by Mader consisted of a .5 meter radius hemispherical
surface cavity in water three meters deep.  The cavity was

the result of a near surtace burst. This program used the

\
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same time step of 0.001 scconds and cell size of .00 meters
square.  The results of this program ayreed very well with

the results obtained by Mader.
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computer simulations based on the ditlerence cquations,
initial conditions, and boundary conditions were used to
determine the sensitivity of the tidal wave peneration.
Figure 2 i1llustrates the general shape of the tidal wave
generated by the computer simulations.  The wave velocity
is 33(m/s), which is very close to the characteristic wave
velocity of 31.3(m/s). The initial condition uscd produced
4 wave with a period ol about 50 scconds which is nearly
three times the expected period of 18 scronds based on the
relationship Period T 1.1 \'”'Hé1 {(Rel 3:272). This
indicates the wavelength of 1600 meters produced by this
initial condition is also about three times too long. The
heipht of the initial wave above the surface was sclected
as the indicator of the wave gencration sensitivity. The
wave height 1s measured at 4 nearly constant distance of
8 kilometers from the explosions.  The wiave height was
obtained from the printer-plots which expressed the wave
height within increments of .25 meters.  The ervror bars on
the graphs indicate the variation in wave height along the
plane tidal wave. Both the lincar and non-lincar difference

schemes used the same time step of 0.5 seconds and cell

size of 50 meters square.

i
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Vield Sensitivity

The wave height sensitivity to vield 1s proportional

Yl/o

to This does not agree with the scaling of wave

Yl/()

height as used for the initial condition (Ref 5:133).

However, i1t does come close to the scaling of wave height

S Y1/4

as for deep water and for shallow water used

by Glusstone (Ref 3:272-273). ‘tThe sensitivity to yield over

1/3)

the range of 2 - 8 Kkilotons is  +4.5(wm/(kt) .
The wave sensitivity to combinations of two yiclds
whose average is 5 kilotons 1is small. The scnsitivity is
determined relative to the ratio of the small yield over the
larger yield., As shown in Figure 4, the wave heipht is not
very scnsitive to combinations of yields over a practical

range of 0.5 to 1.

Spacing Sensitivity

The spacing sensitivity was determined over the range

of .6 to 1.4 kilomcters., The wave height did not change
linearly with spacing as shown in livure 5. Qver the range
of 0.8 - 1.2 hilometers spacing, the approximate sensitivity

is -11.25(m/km) spacing.

Al ignieent Sensitivaty

The sensitivity to misaltpgument wae  termined for
misalignments up to .5 Kilowetey as indicated in Figure 6.
The misalignment situation was <ct up by having cvery other

explosion oltset a yiven distance trom the arrvay. The

o
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misalignment distance 1s Jdetined as thys offset distance.
The approximate scensativity over the range of 0 to .5
Kilometer is 2.7 (w/km) misalignment.  The misalipnments
did increase the wave heivht variation along the wave front

as Indicated by the ¢rror bars,

Piming sensitivity

The wave height sensitivity to timing delays of 0 - 5
seconds is very small, as shown in bipure 7. The time
delay situations arve wmodeled by having cvery other explosion
delayed the same amount of time. {n the range of 0 - 2.5
seconds delay, the sensitivity is only -.026(m/sec) time

delay.

bottom Slope Senslivity

The average slope of the continental shelt had a
negligible effect on the wave height 1n 8 Kilometers of
travel. The bottom was treated as being smooth and with
constant slope. the slope was varied from 0.0 to 0.002
as indicated by tigure 8. The wave height sensitivity at
8 kilometers from the explosions is +#182(m} per the slope.
Assuming the ceffect was constant over the 8 kilometers,
the sensitivity was +23(m/km) per kilometer traveled by the
wave per the slope. Tor example, using the averaged conti-
nental shelf slope of 0.0003, the expected increase in wave

height in 100 kilometers is 0.7 meters.

.
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Non-Lincar Ltftects

The non-linear efflects are illustrated by comparing
the wave formation of a linear and a non-linear computer
simulation. Wave contour printer-plots of Figures Y and
10 show the non-linear and lincar initial waves, respec-
tively, at four Kkilometers f{rom the explosions. [Lach line
of the contour plots indicates a change in height of two
meters. The troughs or areuas of the water surface below
the normal free surface are not represented by contour
lines, but left blank. The plots show how the non-linear
effects produce a slightly smoother and larger wave in the
same distance. However, the lincar simulation provides a

very good approximation for the initial conditions of this

study.
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\. Conclusion

An array of simultancous underwater explosions is very

effective
is based
by a rais
of about
The
mined by
not very
delavs lec
ratios of

sensitivi

in generating a plane tidal wave. This conclusion

on shallow water theory with the explosion represented
ed cone of water which produces waves with a wavelength
1600 meters.

sensitivity of the wave gencration process was deter-
the height of the initial wave. The wave height was

sensitive to misalignments less than 200 meters, time
ss than 5 seconds, bhottom slope less than 0,0004, and
yields in the range of 0.5 to 1.0. The wave height

ty to spacings of 1.0 * .2 kilometers is anproximately

-11.25 meters per kilometers spacing. The vield sensitivity,

which depends on the Jderived initial condition, is 4.55 meters

per cube root of the vield in kilotons. The non-linear effects

increase the size of the tidal wave.




VI, Recomendation

More rescarch on the initial condition is recommended.
The waves produced by the raisced cone of water have a wave- '
length about three times too lone and the initial wave is
not preceded by a trough as normally expected (Ret 3:273).
In addition, the conce does not conserve the volume of water.
A new initial condition should be developed which conserves
the water volume and produces waves with a shorter wavelength.
[t is recommended that a cvlindrical cavity with its depth

equal to its radius (100 meters) and with a lip of water

surrounding 1t be used as a new initial condition.
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